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GROUPS WHOSE CHERMAK-DELGADO LATTICE IS A CHAIN
BEN BREWSTER, PETER HAUCK, AND ELIZABETH WILCOX
Abstract. For a finite group G with subgroup H, the Chermak-Delgado measure of H in G refers
to |H||CG(H)|. The set of all subgroups with maximal Chermak-Delgado measure form a sublattice,
CD(G), within the subgroup lattice of G. This paper examines conditions under which the Chermak-
Delgado lattice is a chain of subgroups H0 < H1 · · · < Hn. On the basis of a general result how to extend
certain Chermak-Delgado lattices, we construct for any prime p and any non-negative integer n a p-group
whose Chermak-Delgado lattice is a chain of length n.
I. Martin Isaacs [4] examined a function from the set of subgroups of a finite group into the set of
positive integers, one of a family of such functions originally defined by A. Chermak and A. Delgado [2]
as a means to obtain results on the existence of large normal abelian subgroups. Isaacs referred to this
function as the Chermak-Delgado measure and revisited the proof that, for a finite group G, the subgroups
with maximal measure form a (self-dual) sublattice within the subgroup lattice of G, which Isaacs called
the Chermak-Delgado lattice of G.
It was shown in [1] that the Chermak-Delgado lattice of a direct product of finite groups decomposes as
the direct product of the Chermak-Delgado lattices of the factors. Thus, at least for finite nilpotent groups,
the study of the Chermak-Delgado lattice rests on understanding this lattice in finite p-groups. Already in
small non-abelian p-groups, the Chermak-Delgado lattice usually has a rather complicated structure. We
therefore ask whether more elementary types of self-dual lattices, like chains, can be realized as Chermak-
Delgado lattices of p-groups. Clearly, the Chermak-Delgado lattice of any finite abelian group is a chain
of length 0. We prove that for any prime p and any positive integer n there exists a p-group of class 2
whose Chermak-Delgado lattice is a chain of length n.
We obtain this result by first constructing p-groups (of smallest possible order) with Chermak-Delgado
lattice a chain of length 1 or 2. The general statement then follows from a construction which embeds
certain p-groups H of class 2 in p-groups G of class 2 such that the Chermak-Delgado lattice of G extends
the Chermak-Delgado lattice of H by a new minimal and a new maximal element.
1. Preliminaries
Let G be a finite group. If H ≤ G then the Chermak-Delgado measure of H (in G) is denoted by
mG(H), and defined as
mG(H) = |H ||CG(H)|.
Define
m(G) = max{mG(H) | H ≤ G} and CD(G) = {H | mG(H) = m(G)}.
The set CD(G) is the Chermak-Delgado lattice of G. The fact that CD(G) is a sublattice of the subgroup
lattice of G was determined in [2]. We refer the reader to [4, Section 1G] for an introduction to the topic
as well as the proofs of the following facts:
Proposition 1.1. Let G be a finite group. Then CD(G) is a sublattice in the subgroup lattice of G with
the following properties:
(1) 〈H,K〉 = HK for H,K ∈ CD(G).
(2) If H ∈ CD(G), then CG(H) ∈ CD(G) and CG(CG(H)) = H.
(3) The maximum subgroup in CD(G) is characteristic in G.
(4) The minimum subgroup of CD(G) is characteristic, abelian, and contains Z(G).
Proposition 1.2. Let G be a finite group. If M is the maximal member in CD(G) then CD(G) = CD(M).
Proposition 1.2 is straightforward to prove, relying on the fact that if H ∈ CD(G) then CG(H) = CM (H).
We shall use these statements frequently throughout the paper without any further reference.
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For a non-negative integer n, we call a series of subgroups G0 < . . . < Gn of a group G a chain of length
n. Examples of groups G where CD(G) is a chain of length 0 or 1 abound – G abelian or G = Sn for n ≥ 4,
respectively – but examples with longer chains take some work to produce. Moreover, the readily-available
examples G where CD(G) is a chain of length 1 have composite order. We therefore restrict ourselves in
this paper to p-groups whose Chermak-Delgado lattice is a chain.
The following simple lemma is needed frequently in Section 2 when we determine the structure of
p-groups of small order whose Chermak-Delgado lattice is a chain of length 1 or 2.
Lemma 1.3. Let p be a prime. Suppose P is a p-group with normal subgroups R, Q such that Z(P ) <
R ≤ Q and |R/Z(P )| = p. If |P | > |Q||[R,P ]| then there exists x ∈ P \Q such that |CP (x)| ≥ p
2|Z(P )|.
Proof. Note that [R,P ] ≤ Z(P ). Let x1, . . . , xn be coset representatives of Q in P . Let y ∈ R \ Z(P ). By
hypothesis, n > |[R,P ]|. Hence there exist i, j with i 6= j such that [y, xi] = [y, xj ], whence y ∈ CP (xix
−1
j ).
Since x := xix
−1
j 6∈ Q, it follows that |CP (x)| ≥ |〈x〉R| ≥ p
2|Z(P )|. 
2. Chains of Length 1 or 2
Let p be a prime. The aim of this section is to show that there are non-abelian groups P of order p6
with CD(P ) = {Z(P ), P}; in fact, for odd p there are even groups of order p5 with this property, but not
for p = 2. No p-groups of smaller order have a chain of length 1 as Chermak-Delgado lattice. Similarly,
chains of length 2 occur as Chermak-Delgado lattices among groups of order p7, and for odd p even for
certain groups of order p6 but not for p = 2 or p-groups of smaller order.
Proposition 2.1. Let p be a prime and P a p-group of order at most p5. Then CD(P ) is a chain of
length 1 if and only if p 6= 2 and |P | = p5, |Z(P )| = p2, P/Z(P ) is extraspecial of exponent p and
[Z2(P ), P ] = Z(P ).
Proof. Assume that CD(P ) is a chain of length 1. Clearly P is non-abelian and we may assume that
CD(P ) = {Z(P ), P}. We show first for all x ∈ P/Z(P ) that
(*) CP (x) = 〈x〉Z(P ) and |CP (x)| = p · |Z(P )|.
Notice P does not contain an abelian subgroup D of order p2 · |Z(P )|; otherwise mP (D) ≥ p
4 · |Z(P )|2 ≥
p5 · |Z(P )| = m(P ), contradicting CD(P ) = {Z(P ), P}. In particular, |〈x〉Z(P )| = p · |Z(P )| for x ∈
P \ Z(P ). If CP (x) > 〈x〉Z(P ) then CP (x) contains an abelian subgroup D of order p
2 · |Z(P )| since
〈x〉Z(P ) ≤ Z(CP (x)). This contradiction implies (*).
It is clear that |P | > p3 since in an extraspecial group of order p3 the p+1 maximal abelian subgroups
are in CD(P ). Moreover, application of Lemma 1.3 with an arbitrary normal subgroup Q = R ≤ Z2(P )
shows that the assumption |Z(P )| = p leads to a contradiction against (*). Hence |Z(P )| > p.
If P has order p4 then |Z(P )| = p2; therefore P has an abelian subgroup A of order p3 whence
mP (A) ≥ p
6 = m(P ). It follows that |P | = p5. If |Z(P )| = p3 then m(P ) = p8 = mP (A) for any subgroup
A of order p4 containing Z(P ), contradicting the assumption that CD(P ) = {Z(P ), P}. Hence |Z(P )| = p2.
By (*), P/Z(P ) has exponent p. If P/Z(P ) is elementary abelian, let Z be a subgroup of order p in
Z(P ). By [3, III, Satz 13.7], Z(P/Z) > Z(P )/Z. Hence there exists x ∈ P \ Z(P ) such that [x, P ] = Z.
Then, contrary to (*), |CP (x)| = p
4 since g 7→ [x, g] is a homomorphism from P onto Z with CP (x) as its
kernel.
Thus P/Z(P ) is not elementary abelian. Therefore, p 6= 2 and P/Z(P ) is extraspecial of exponent p.
If [Z2(P ), P ] has order p, then Lemma 1.3 (with Q = R = Z2(P )) contradicts (*). Thus [Z2(P ), P ] = Z(P ).
Assume now that p 6= 2, |P | = p5, |Z(P )| = p2, P/Z(P ) is extraspecial of exponent p and [Z2(P ), P ] =
Z(P ). Let 〈t〉Z(P ) = Z2(P ) and choose x1, x2 ∈ P \ Z2(P ) such that [x1, x2]Z(P ) = tZ(P ). Note that
[xi, t]
p = [xpi , t] = 1 for i = 1, 2. Therefore [Z2(P ), P ] = Z(P ) implies that Z(P ) = 〈[x1, t]〉 × 〈[x2, t]〉,
hence Z(P ) is elementary abelian of order p2. From this it follows immediately that CP (x) = 〈x〉Z(P ) for
all x ∈ P \ Z(P ). Consequently, every subgroup of order p3 containing Z(P ) is self-centralizing and the
centralizer of every subgroup of order p4 is Z(P ). It follows that for each such subgroup the Chermak-
Delgado measure is p6 whereas mP (Z(P )) = mP (P ) = p
7. Hence CD(P ) = {Z(P ), P} as claimed. 
Corollary 2.2. Let p be an odd prime. Then there exists a non-abelian p-group P of order p5 with
CD(P ) = {Z(P ), P}.
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Proof. Let P be generated by x1, x2, t, z1, z2 according to the following defining relations:
xp1 = x
p
2 = t
p = zp1 = z
p
2 = 1,
[x1, x2] = t, [t, x1] = z1, [t, x2] = z2,
all other commutators between the generators equal 1.
Clearly t, z1, z2 generate an elementary abelian group of order p
3 and x1 induces an automorphism of order
p on this group. We claim that the relations for x2 define an automorphism of order p on 〈x1, t, z1, z2〉.
The relation xp1 = 1 is preserved under the action of x2 since (x1t)
p = xp1t
pz
(p2)
1 = 1 as p is odd. All other
relations in 〈x1, t, z1, z2〉 are trivially preserved. That x2 has actually order p follows essentially from the
fact that x
x
p
2
1 = x1t
pz
(p2)
2 = x1, again because p is odd.
Hence |P | = p5, Z(P ) = 〈z1, z2〉 = 〈[t, P ]〉 has order p
2 and P/Z(P ) is extraspecial of exponent p. The
assertion follows now from Proposition 2.1. 
We show now that there is a group of order 26 whose Chermak-Delgado lattice is a chain of length 1.
The corresponding construction is possible for any p (and we present it this way) and leads to groups P
with P/Z(P ) elementary abelian (in contrast to the p-groups of order p5 for odd p with chains of length
1 as Chermak-Delgado lattices; cf. Proposition 2.1). This property is in fact needed later when we apply
the extension theorem (Theorem 3) to obtain p-groups with Chermak-Delgado lattices being chains of
arbitrary length.
Proposition 2.3. Let p be a prime. There exists a group P of order p6 such that Z(P ) and P/Z(P ) are
elementary abelian of order p3 and CD(P ) = {Z(P ), P}.
Proof. Let P be generated by x1, x2, x3, z1,2, z1,3, z2,3 subject to the following defining relations:
xp1 = x
p
2 = x
p
3 = z
p
1,2 = z
p
1,3 = z
p
2,3 = 1,
[x1, x2] = z1,2, [x1, x3] = z1,3, [x2, x3] = z2,3,
all other commutators between the generators equal 1.
It is clear that |P | = p6, Z(P ) = 〈z1,2, z1,3, z2,3〉, mP (P ) = mP (Z(P )) = p
9. It is also straightforward to
verify that CP (x) = 〈x〉Z(P ) for all x ∈ P \ Z(P ). This implies that mP (U) = p
8 for all Z(P ) < U < P
and the assertion follows. 
We now turn to p-groups whose Chermak-Delgado lattice is a chain of length 2.
Proposition 2.4. Let p be a prime and P be a p-group of order at most p6. Then CD(P ) is a chain of
length 2 if and only if p 6= 2 and |P | = p6, |Z(P )| = p2, |P ′| = p3, there exists an abelian normal subgroup
A of P , |A| = p4 and [A, x] = Z(P ) for all x ∈ P \A.
In this case, CD(P ) = {Z(P ), A, P}.
Proof. Suppose CD(P ) is a chain of length 2: we may assume by Proposition 1.2 there exists a non-central
subgroup A < P such that CD(P ) = {Z(P ), A, P}. Since CP (A) and all conjugates of A are in CD(P ), A
is an abelian self-centralizing normal subgroup of P . In particular, m(P ) = |Z(P )||P | = |A|2 and every
abelian subgroup distinct from A has order less than |A|.
Suppose that |P | ≤ p5. As in the proof of Proposition 2.1 we may assume that |P | = p5 and P ∈ CD(P ).
Since m(P ) is a square, |Z(P )| equals p or p3. In the latter case, P/Z(P ) is elementary abelian of order p2,
whence there are p + 1 abelian subgroups of order p4 = |A| containing Z(P ). This contradiction implies
|Z(P )| = p. If R is a normal subgroup of P of order p2 contained in A ∩ Z2(P ) then Lemma 1.3 (with
Q = A) yields an element x ∈ P \ A whose centralizer has order at least p3. Hence P has an abelian
subgroup containing 〈x〉Z(P ) of order at least p3 = |A|, contrary to the conclusion in the first paragraph.
Therefore |P | = p6. Since |Z(P )| = p4 is clearly impossible, it follows fromm(P ) = |A|2 that |Z(P )| = p2
and |A| = p4. From the conclusions of the first paragraph in the proof, we deduce that CP (x) = 〈x〉Z(P )
has order p3 for all x ∈ P \A. In particular, every element in P/Z(P ) \A/Z(P ) has order p.
We show next that [A,P ] ≤ Z(P ). Suppose there exists a ∈ A such that [a, x] 6∈ Z(P ) for all x ∈ P \A.
Let x1, . . . , xp2 be coset representatives of A in P . If there exist i, j with i 6= j such that [a, xi]Z(P ) =
[a, xj ]Z(P ), then [a, xix
−1
j ] ∈ Z(P ) (note that [A,P ] ≤ Z2(P )). Since xix
−1
j 6∈ A, this contradicts our
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assumption. It follows that {[a, xi] | i = 1, . . . , p
2} constitutes a complete set of coset representatives for
Z(P ) in A. But then [A,P ] =
⋃p2
i=1[[a, xi], P ] ≤ Z(P ), contradicting our assumption.
Consequently for every a ∈ A there exists x ∈ P \ A such that [a, x] ∈ Z(P ). Given any y ∈ P \ A
it follows from [x, y] ∈ A and the Witt Identity that [a, y] centralizes x. As we have noted before,
CA(x) = Z(P ), whence [a, y] ∈ Z(P ). Therefore, [A,P ] ≤ Z(P ).
Suppose there is some x ∈ P \ A such that |[A, x]| = p. Considering the homomorphism a 7→ [a, x] for
a ∈ A leads to |CA(x)| = p
3, a contradiction. Hence [A, x] = Z(P ) for all x ∈ P \A.
Let x ∈ P \A and a ∈ A. Since xp ∈ Z(P ) and [a, x] ∈ Z(P ), it follows that 1 = [xp, a] = [x, ap] whence
ap ∈ CA(x) = Z(P ). Therefore A is elementary abelian and hence P/Z(P ) has exponent p.
Suppose that P/Z(P ) is elementary abelian. If x ∈ P \A then 〈x〉Z(P ) is normal in P . It follows from
Lemma 1.3 (with Q = R = 〈x〉Z(P )) that CP (x) has order at least p
4. This contradiction implies P/Z(P )
cannot be elementary abelian and, since it has exponent p, therefore p is odd.
Choose x, y ∈ P such that P = A〈x, y〉. Since P ′ ≤ A ≤ Z2(P ), it follows that [〈x〉, 〈y〉]Z(P ) =
〈[x, y]〉Z(P ). As [A,P ] = Z(P ), this implies that P ′ = 〈[x, y]〉Z(P ). Hence |P ′| = p3 as P/Z(P ) is
non-abelian of exponent p. (We note that |P ′| = p3 can also be inferred from [5, Lemma 14]).
This proves one implication of the proposition.
For the converse assume that P is a group with the properties listed in the proposition; we show
CD(P ) = {Z(P ), A, P}.
Let x ∈ P \ A. Since [A, x] = Z(P ), it follows that CA(x) has order p
2 whence CA(x) = Z(P ). Now
|CP (x)| = p
4 would imply that CP (x) is abelian and P = CP (x)A, but then P
′ = [CP (x), A] = Z(P )
as [A,P ] = [A, x] = Z(P ) by hypothesis. This contradicts |P ′| = p3. Hence CP (x) = 〈x〉Z(P ) and
xp ∈ Z(P ) for all x ∈ P \ A. Also, any a ∈ A \ Z(P ) is not centralized by an element outside A whence
CP (a) = CP (A) = A. This implies that the centralizer of a subgroup B of order p
3 has order p3 if B is not
contained in A and order p4 otherwise. If B 6= A has order p4 then it follows immediately (by considering
the cases |A ∩B| = p2 or p3) that CP (B) = Z(P ); thus the same holds for subgroups of order p
5.
It follows that mP (B) < p
8 = mP (Z(P )) = mP (A) = mP (P ) for all subgroups B ≥ Z(P ) different from
Z(P ), A, or P . This proves the second direction of the proposition. 
We remark that some statements of Propositions 2.1 and 2.4 could have been deduced from [5] but this
would not have shortened the straightforward proofs given here.
Corollary 2.5. Let p be an odd prime. Then there exists a p-group P of order p6 whose Chermak-Delgado
lattice is a chain Z(P ) < A < P of length 2.
Proof. Since the map f : Zp −→ Zp defined by f(m) = m(m + 1) mod p is not surjective, there exists
c ∈ Zp not contained in the image of f .
Let P be generated by x1, x2, a1, a2, z1, z2 according to the following defining relations:
xp1 = x
p
2 = a
p
1 = a
p
2 = z
p
1 = z
p
2 = 1,
[x1, x2] = a1, [a1, x1] = z1, [a1, x2] = z1z
c
2, [a2, x1] = z2, [a2, x2] = z1,
all other commutators between the generators equal 1.
It is clear that a1, a2, z1, z2 generate an elementary abelian group A of order p
4 and that x1 induces an
automorphism of order p on A. We claim that the relations for x2 define an automorphism of order p on
〈x1, a1, a2, z1, z2〉. The relation x
p
1 = 1 is preserved under the action of x2 since (x1a1)
p = xp1a
p
1z
(p2)
1 = 1
as p is odd. All other relations in 〈x1, a1, a2, z1, z2〉 are trivially preserved. That x2 has actually order p
follows essentially from the fact that x
x
p
2
1 = x1a
p
1(z1z
c
2)
(p2) = x1, again because p is odd.
Thus P has order p6, A is an abelian normal subgroup of order p4, P ′ = 〈a1, z1, z2〉 has order p
3 and
clearly Z(P ) = 〈z1, z2〉 has order p
2. In light of Proposition 2.4 it remains to be shown that [A, x] = Z(P )
for all x ∈ P \A. We may assume that x = xi1x
j
2 for i, j with 0 ≤ i, j ≤ p− 1 and i, j not both equal to 0.
Since
[a1, x] = z
i+j
1 z
cj
2 and [a2, x] = z
j
1z
i
2,
[a1, x] and [a2, x] do not generate Z(P ) if and only if the determinant of the Zp-matrix(
i+ j cj
j i
)
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equals 0, that is i2+ ij− cj2 = 0 in Zp. Suppose this is the case. If j = 0 then i = 0. Hence j 6= 0 whence
c = (ij−1)2 + ij−1 in Zp which is impossible by the definition of c. Hence [A, x] = Z(P ) and CD(P ) is a
chain of length 2 by Proposition 2.4. 
As with chains of length 1, for the construction in Section 3 we also need p-groups P whose Chermak-
Delgado lattice is a chain of length 2 such that P/Z(P ) is elementary abelian. We show now that for
every prime p there exist groups of order p7 with this property. In particular, 27 is the smallest order of
a 2-group with a chain of length 2 as Chermak-Delgado lattice.
Proposition 2.6. Let p be a prime. There exists a group P of order p7, Z(P ) and P/Z(P ) both elementary
abelian, whose Chermak-Delgado lattice is a chain Z(P ) < A < P of length 2.
Proof. The construction is a slight variation of the one given in the preceding Proposition 2.5. Choose
0 < c < p as in the proof of Proposition 2.5 and let P be generated by x1, x2, a1, a2, z, z1, z2 subject to the
following relations:
xp1 = x
p
2 = a
p
1 = a
p
2 = z
p = zp1 = z
p
2 = 1,
[x1, x2] = z, [a1, x1] = z1, [a1, x2] = z1z
c
2, [a2, x1] = z2, [a2, x2] = z1,
all other commutators between the generators equal 1.
It is clear that A0 = 〈a1, a2, z1, z2〉 is an elementary abelian group on which the extraspecial group
E = 〈x1, x2, z〉 of order p
3 and exponent p for p odd and dihedral for p = 2 acts with kernel 〈z〉.
Then P = EA0 has order p
7, A = 〈z〉A0 is an elementary abelian normal subgroup of order p
5 and
P ′ = Z(P ) = 〈z, z1, z2〉 has order p
3.
Arguing in the same way as in the proof of Proposition 2.5 we infer that [A0, x] = 〈z1, z2〉 and hence
|CA0(x)| = p
2 for all x ∈ P \ A. Consequently, CA(x) = Z(P ) for all x ∈ P \ A. This implies that
CP (a) = A for all a ∈ A \ Z(P ) and also that CP (x) = 〈x〉Z(P ) for all x ∈ P \A.
From this it follows that CP (B) = A for all subgroups B of A properly containing Z(P ). Moreover, if
B is a subgroup of order at most p5 not contained in A, x ∈ B \A, then |CP (B)| ≤ |CP (x)| = p
4. Finally,
if |B| = p6 then, by order considerations, A∩B is not contained in Z(P ); hence there exist x ∈ B \A and
a ∈ (A ∩B) \ Z(P ) whence CP (B) ≤ CP (x) ∩ CP (a) = Z(P ).
It follows that mP (B) ≤ p
9 < p10 = mP (Z(P )) = mP (A) = mP (P ) for all subgroups B ≥ Z(P )
different from Z(P ), A, P . This completes the proof. 
3. An Extension Theorem and Chains of arbitrary Length
Given the existence of p-groups with Chermak-Delgado lattices being chains of length 1 or 2 as shown
in the previous section, it is only natural to ask: Is there a way to extend these constructions, to obtain p-
groups with chains of arbitrary length as Chermak-Delgado lattices? We prove not only that this extension
is possible but, more generally:
Theorem. Let p be a prime and H a p-group of class at most 2 such that H ∈ CD(H) and H/Z(H) is
elementary abelian.
There exists a p-group G of class 2, an embedding of H into G (whose image will also be denoted by
H) and a normal subgroup N of G with N ∩H = 1, NZ(H) > Z(G) and NH < G such that G/Z(G) is
elementary abelian and CD(G) = {G,Z(G)}∪{NH˜ | H˜ ∈ CD(H)}. Moreover, Z(G) is elementary abelian
when Z(H) is elementary abelian.
Note that because of N ∩ H = 1 in the theorem, {NH˜ | H˜ ∈ CD(H)} is isomorphic as a lattice to
CD(H) and since NZ(H) > Z(G) and NH < G, the Chermak-Delgado lattice of G extends CD(H) both
upwards and downwards by one more subgroup.
The construction of the group G depends essentially on the construction of the group P with CD(P )
a chain of length 2 presented in the proof of Proposition 2.6 in the previous section. We recall that P is
generated by x1, x2, a1, a2, z, z1, z2, all of order p, where the non-trivial commutator relations are
[x1, x2] = z, [a1, x1] = z1, [a1, x2] = z1z
c
2, [a2, x1] = z2, [a2, x2] = z1,
c suitably chosen. Recall also that Z(P ) = 〈z, z1, z2〉, A = 〈a1, a2〉Z(P ) is an abelian normal subgroup of
P , CP (x) = 〈x〉Z(P ) for all x ∈ P \A and CD(P ) = {Z(P ), A, P}.We use these facts and the notation in
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the following construction and also in the proof of the extension theorem.
Construction. Let E = 〈e1, . . . , er〉 be an elementary abelian p-group of the same rank, r, as H/Z(H).
Let v1, . . . , vr be such that {viZ(H) | 1 ≤ i ≤ r} is a basis for H/Z(H). The group P = 〈x1, x2〉A acts
on H × E with 〈x2〉A in the kernel, where x1 induces a central automorphism through v
x1
i = viei, for
1 ≤ i ≤ r, that centralizes Z(H)× E. With respect to this action we define G = (H × E)⋊ P .
Note that x1 induces an automorphism of order p on H × E unless H is abelian in which case E = 1
and G = H × P . In this situation the statement of the theorem is trivially true (with this G and N = A)
by [1, Theorem 2.9]. We therefore assume in the remainder of the section that H is non-abelian.
For the proof of the theorem it is helpful to collect some information about centralizers in G:
Lemma 3.1. Let G = (H × E) ⋊ P be as described in the construction above with H non-abelian. Let
h ∈ H and x ∈ P .
(1) If H0 ⊆ H then CG(H0) = CH(H0)CP (H0)E;
if P0 ⊆ P then CG(P0) = CH(P0)CP (P0)E.
(2) Z(G) = Z(H)× E × Z(P ); G/Z(G) is elementary abelian.
(3) If x ∈ P \ CP (H) then CH(x) = CH(P ) = Z(H).
(4) If h ∈ H \ Z(H) then CP (h) = CP (H) = 〈x2〉A.
(5) If h ∈ H and x ∈ CP (H) then CG(hx) = CG(h) ∩ CG(x).
(6) If h ∈ H and x ∈ P \ CP (H) then CG(hx) = 〈hx〉Z(G).
Proof. Clearly Z(H)×E×Z(P ) ≤ Z(G) and hence G/Z(G) is elementary abelian. Let h′ ∈ H and x′ ∈ P .
The fact that G has class 2 and P ∩ (H × E) = 1 = H ′ ∩ [H,P ] implies
(*) [hx, h′x′] = 1 if and only if [h, h′] = [x, x′] = 1 and [h, x′] = [h′, x].
From this, parts (1) and (2) follow immediately. Parts (3) and (4) are consequences of the construction
of G. Let x ∈ CP (H). Then [h
′, x] = 1 and by (*), h′x′ ∈ CG(hx) if and only if h
′x′ ∈ CG(h) ∩ CG(x).
Since E ≤ Z(G), part (5) follows.
Assume now that x ∈ P \CP (H). Let h
′x′ ∈ CG(hx). By (*), x
′ ∈ CP (x) = 〈x〉Z(P ) as x 6∈ CP (H) ≥ A.
Hence x′ = xαy for some integer α with 0 ≤ α ≤ p − 1 and some y ∈ Z(P ). Also x = xβ1 t for some
integer β with 1 ≤ β ≤ p − 1 and some t ∈ CP (H). Hence x
′ = xαβ1 t
αy′ for some y′ ∈ Z(P ). If
h = vα11 · · · v
αr
r w and h
′ = vβ11 · · · v
βr
r w
′ with integers 0 ≤ αi, βi ≤ p−1, i = 1, . . . , r and w,w
′ ∈ Z(H) then
[h, x′] = eα1αβ1 · · · e
αrαβ
r and [h
′, x] = eβ1β1 · · · e
βrβ
r . By (*), [h, x
′] = [h′, x], whence αiα = βi, i = 1, . . . , r
as β mod p 6= 0. Therefore h′ = hαw˜ for some w˜ ∈ Z(H). It follows that h′x′Z(G) = (hx)αZ(G). This
yields (6). 
Proof of the Theorem. Note that mG(G) = mG(Z(G)) = m(H)m(P )m(E) = |H ||Z(H)||P ||Z(P )||E|
2.
Let U ∈ CD(G) with Z(G) < U < G. We show that mG(U) = mG(G) and that U is of the form given in
the statement of the theorem.
Set H0 = {h ∈ H | hx ∈ U for some x ∈ P}. Since [H,P ] ≤ E ≤ U and H ∩ E = 1,the set H0 is a
subgroup of H . Let P0 be the image of U under the projection of G onto P . Clearly H0P0E is a subgroup
of G containing U . Note that
|U | = |H ∩ U ||P0||E|,
since (H ∩ U)E is the kernel of the projection restricted to U onto P0. We show now that P0 ≤ CP (H).
Suppose, to the contrary, that U contains hx where h ∈ H and x ∈ P \ CP (H). Lemma 3.1 (6) gives
CG(U) ≤ CG(hx) = 〈hx〉Z(G). Assume there exists h
′ ∈ U with h′ ∈ H\Z(H). Since x 6∈ CP (H) = CP (h
′)
(by Lemma 3.1 (4)), it follows that [h′, x] 6= 1 and thus [hx, h′] 6= 1. This implies CG(U) < 〈hx〉Z(G),
whence CG(U) = Z(G). Therefore mG(U) < mG(G), as U < G, and so U 6∈ CD(G), contrary to the
hypothesis.
We may therefore assume that H ∩ U = Z(H). This and the structure of CG(U) yield
|U | ≤ |Z(H)||P ||E| and |CG(U)| ≤ p |Z(G)| = p|Z(H)||Z(P )||E|.
Therefore mG(U) ≤ p|Z(H)|
2m(P )m(E). The only way that mG(U) ≥ mG(G) is if p|Z(H)| ≥ |H |, yet by
assumption H is non-abelian. Hence, contrary to the hypothesis, mG(U) < mG(G). Thus P0 ≤ CP (H);
the next step is to show that U = H0P0E.
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From Lemma 3.1 (5) we infer
CG(U) =
⋂
hx∈U
CG(hx) =
⋂
hx∈U
(CG(h) ∩ CG(x))
=
⋂
h∈H0
CG(h) ∩
⋂
x∈P0
CG(x) = CG(H0) ∩ CG(P0)
= CG(H0P0E).
Therefore mG(U) ≤ mG(H0P0E), with equality if and only if U = H0P0E. Moreover,
CG(U) =CG(H0) ∩ CG(P0)
=CH(H0)CP (H0)E ∩ CH(P0)CP (P0)E
=(CH(H0) ∩CH(P0))(CP (H0) ∩ CP (P0))E
=CH(H0)(CP (H0) ∩ CP (P0))E.
Here we have used Lemma 3.1 (1) and P0 ≤ CP (H).
Consequently
mG(U) = mH(H0)|P0||CP (H0) ∩ CP (P0)|m(E),
yielding mG(U) ≤ mG(G) with equality if and only if H0 ∈ CD(H) and m(P ) = |P0||CP (H0) ∩ CP (P0)|.
The latter condition is equivalent to P0 ∈ CD(P ) = {Z(P ), A, P} and CP (P0) ≤ CP (H0). Since P0
centralizes H , it follows that P0 6= P . If P0 = Z(P ) then CP (P0) ≤ CP (H0) implies H0 ≤ CH(P ) = Z(H)
whence U = Z(G). Thus we conclude that if U ∈ CD(G) with Z(G) < U < G then U = NH0 where
H0 ∈ CD(H) and N = AE E G. Furthermore, mG(U) = mG(G). Since G,Z(G) ∈ CD(G) as well, the
Chermak-Delgado lattice of G is as claimed.
Corollary 3.2. For any non-negative integer n and any prime p there exists a p-group P such that
P ∈ CD(P ) and where CD(P ) is a chain of length n. The group P can be chosen in such a way that both
P/Z(P ) and Z(P ) are elementary abelian.
Proof. For a chain of length 0 we choose a cyclic group of order p. For chain length 1 we choose the
p-group from Proposition 2.3. Starting with these groups as H and applying the theorem iteratively, using
the group constructed in the last step as new group H for the next step, yields the assertion. 
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